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Analysing the phenomenon of deconfinement from a holographic point of view, it appears that the
brane configuration in the bulk, corresponding to the confinement phase imposes a restriction on the
strength of the holographic quantum error correction procedure. This restriction is partially removed
when the transition to a deconfined phase occurs. The brane configurations corresponding to the
bulk instantons are analysed and it is shown that they cannot reach the region of the bulk that would
ensure maximal error protection in the confinement phase, while keeping non-zero instanton size.
In the deconfinement phase on the other side, we have a configuration that allows a higher degree
of quantum error protection, still preventing the maximal protection allowed by the holographic
principle. This suggests that the strength of quantum error correction codes in QCD systems is
fundamentally limited both in confinement and deconfinement phases.
INTRODUCTION
Quantum chromodynamics (QCD) while the best the-
ory of quarks and gluons in existence, shows us still many
mysteries. At a first glance, it is not a conformal theory,
and hence, the application of the best known practical
realisation of the holographic principle, the AdS/CFT
duality [1] seems difficult if not impossible. However,
the ability of extracting information about a strongly
coupled four-dimensional gauge theory by looking at a
gravitational theory in five dimensional spacetime is par-
ticularly enticing [2]. This becomes even more important
when one notices that the low energy regime of QCD
is the strongly coupled one, and at the same time, the
closest to our empirical scrutiny. Its probing through a
gauge-gravity duality would lead to its mapping into a
well understood gravitational problem. The AdS/QCD
duality is currently an incomplete correspondence that
tries to apply a five-dimensional theory on an anti-de-
Sitter gravity background in order to produce new re-
sults regarding QCD [3]. The exact gravity dual for QCD
however is currently unknown. Thanks to ’t Hooft’s idea,
the large-N QCD can be reformulated as a string theory
[4] giving us enough room to analyse various QCD phe-
nomena both from a gauge and from a (quantum) grav-
itational perspective. At low energy, both gauge theory
and string theory provides us with a natural form of con-
finement. In ref. [5] it has been shown that the stringy
behaviour and the theories used in the holographic ap-
proach provide us with a low-energy behaviour compati-
ble with QCD. Given a truly conformal field theory, the
dual string spacetime would be
ds2 =
r2
R2
ηµνdx
µdxν +
R2
r2
dr2 +R2ds2X (1)
where we have considered as in [5] the product of an AdS5
space with a five dimensional transverse space X. The
AdS space has a radius given by R and the transverse,
bulk coordinate (with its zero starting on the boundary)
is denoted by r. If the boundary gauge theory is non-
conformal, as is the case for QCD, the same spacetime
still corresponds to the gauge theory in the large r limit,
but for small r, if there is a mass gap, there is a nonzero
lower bound rmin in the bulk. If the lightest glueball state
defines a scale Λ then the cutoff rmin will have the form
rmin ∼ ΛR2 (2)
From the perspective of QCD the fifth coordinate corre-
sponds to the energy scale too, but higher energy QCD
physics is reflected by the behaviour of fields closer to
the AdS boundary, where we can still analyse the theory
from a gauge theoretical perspective [6]. This is to be ex-
pected as the IR region of the bulk physics corresponds
to the UV region of the boundary gauge theory. To make
the theory confining, one has to introduce an IR cutoff
in the metric, where spaceitme ends, in analogy with the
cascading gauge theory of ref. [7]. This way of introduc-
ing confinement by placing a cut-off in the bulk space,
has profound implications in the quantum error correc-
tion interpretation of holography. As has been derived
in [8], by using the maximally entangled tensor network
along any bipartition of the bulk we obtain the isome-
try from the bulk Hilbert space to the boundary Hilbert
space. This tensor network can then be regarded as an
encoder for a quantum error correction code with the
bulk degrees of freedom identified as the logical degrees
of freedom and the boundary degrees of freedom as the
actual physical degrees of freedom. The additional bulk
degrees of freedom represent in this context the respec-
tive information required to reliantly encode the physical
information. The non-uniqueness of the boundary CFT
operators corresponding to a single bulk operator is inter-
preted as showing the fact that the bulk operator is a logi-
cal operator that is capable of preserving a code subspace
of the Hilbert space of the boundary CFT. Such a code
subspace is protected against errors that would erase in-
formation from the boundary. The deeper a bulk opera-
tor is inside the bulk, the more it is protected against such
erasures on the boundary as a larger region of the bound-
ary will have to be erased to prevent the reconstruction
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2of the bulk operator. On the opposite side, the closer an
operator is to the boundary, the smaller the area vital to
its reconstruction on the boundary will be, and the more
sensitive it will be to accidental erasures on the boundary.
Analysing the emergence of confinement from this point
of view brings new insights both for the understanding
of confinement to deconfinement phase transition, and to
the understanding of the power of holographic quantum
error correction codes. While this description is certainly
illuminating, its applicability is only formal, as the ac-
tual bulk space has a more complex D-brane structure.
This structure can, in certain cases, make regions of the
bulk inaccessible to a tensor network expansion, there-
fore limiting the power of quantum error correction. In
the next chapter I will revisit the D-brane formulation
of the confinement-deconfinement transition so that the
role of instantons becomes clear. Then, I will show how
the bulk D-branes in the confinment phase restrict the
dynamics to a region that avoids the deep bulk region.
The deconfinement phase allows more access to that re-
gion at the cost of a topologically non-trivial structure
emerging at phase transition [8]. The topological change
occurring at that moment can be identified with a change
in entanglement and is given a quantum informational
interpretation. Finally, the effects on the possibility of
quantum error correction will be analysed.
D-BRANE DESCRIPTION OF CONFINEMENT
AND DECONFINEMENT
Let us consider an euclidean 10-dimensional spacetime
with the x4 direction compactified on a circle with period
L4. The confinement phase in holographic QCD can be
described in bulk theory by means of a D-brane construc-
tion involving instantons [9-12]. The system will consist
of N D4 branes and D0 branes corresponding to instan-
tons winding on the x4 circle. The DBI action for a single
instanton in the D4-brane geometry is given by [13,14]
SD0 =
8pi2N
λYM
√
1− u
3
0
u3
(3)
Here u is the position of the instantonic D0-brane along
the radial bulk coordinate. It has been noted in [9] that
the D0-brane is attracted towards the horizon of the D4-
soliton (at u = u0) and when the instanton arrives at
this horizon, the classical action vanishes. This shows
that the size of the instanton diminishes as it gets closer
to the tip of the D4-soliton. This solitonic tip lies at
the deepest accessible position inside the bulk and is ob-
viously related to the instanton size. From a QCD in-
stanton dynamics point of view, the position u of the
D0-brane would be related to the size ρ of the instanton
by the relation [9]
ρ ∼
√
λp
u(5−p)/2
(4)
where λp is the ’t Hooft coupling on the Dp-branes. In
the confinement geometry the existence of two energy
scales makes such a formula difficult to apply, but we
can accept the assumption of ref. [9] that
ρ ∼
√
L4λYM
u
(5)
This assumption is valid at least in the u u0 limit. The
DBI action [15] shows the suppression of the small instan-
tons in the confinement phase, a characteristic consistent
with the results of perturbative QCD. In the region where
u ∼ u0 and ρ ∼
√
L4λYM/u0 ∼ L4 we can have an in-
stanton with zero value of the DBI action, meaning we
have strong fluctuations of the topological charge. How-
ever, larger instantons cannot exist and hence the in-
stanton density will have a sharp peak at ρpeak ∼ L4 for
large N . The description in terms of a D4-brane system
and a D0-instanton already shows that in the directions
given by the (x5, ..., x9) coordinates there is a region deep
within the bulk that is not accessible characterised by u0.
Let us hence cover this space with a tensor network ac-
cording to the prescriptions of the holographic quantum
error correction codes. Starting on the boundary which
lies in the region u→∞ we can follow the links towards
the interior of the bulk on the D4-brane described above.
The precise quantum information interpretation of this
process will be presented in the next chapter. It suffices
here to see that the tip of the D4-soliton represents a
maximal region that can be reached inside the bulk in
the confinement phase, and such a limit translates into
a limit to the quantum error correction capabilities of a
holographic quantum code using a confined QCD phase
as its substrate.
To describe the QCD thermodynamics in the high tem-
perature regime and hence to move towards the decon-
finement transition, one has to consider the T-dual along
the Euclidean time circle [9]. The system will then be
constructed out of N D3-branes and the QCD instan-
ton will be represented by a D1-brane instead of a D0-
brane moving on the D3-brane background. Defining Tc
the critical temperature, in the domain T < Tc the sta-
ble geometry in the T-dual frame is given by the uni-
formly smeared D3-branes corresponding to the solitonic
D4-brane geometry in the previous context. The in-
stanton is described by a D1-brane on this geometry.
At temperatures higher than the critical temperature,
the stable geometry is identified with the localised D3-
branes. The dynamics of the D1-branes in this geometry
will give us insights on the instanton effects. The de-
confinement phase therefore corresponds to a localised
solitonic D3-brane solution on the t′-cycle which corre-
sponds to the Euclidean time direction in the T-dual
3frame. The location of the centre of mass of these D3-
branes can be considered at t′ = 0 and due to periodicity
t′ = t′ + β′ where β′ = 4pi2T . Their mirror images are
placed around t′ = nβ′ with n = ±1,±2, .... The system
constructed out of such branes has interacting compo-
nents, the D3-brane and its mirror being gravitationally
coupled and hence, each horizon associated with them
will be stretched in the t′ direction, as observed in [9].
This will lead to the breaking of the spherical symme-
try. The corrections due to non-sphericity can however
be ignored in a first approximation. Following ref. [9]
as well as [16, 17] we may consider the Wick rotation of
the black D3 brane localised on the S1 circle and we take
over the metric in the context of our solitonic branes
ds2 = H−1/2[
3∑
i=0
dx2i + fdx
2
4] +H
1/2[
A
f
dR2 +
A
Kd−2
dv2 +KR2dΩ24] (6)
with f = 1 − R30R3 where A and K are functions of R
and v and x4 is the direction for S1L4 before we take
the T-dual on the time direction. The Euclidean time
coordinate t′ is included in the (R, v) plane. This metric
can be divided into the asymptotic region and the near
region, with the asymptotic region being characterised
by u  uH or t′  uH . Here the effects of the black
hole are small and can be calculated by linearising the
equations resulting in the effective metric
ds2 = α′[H−1/2(
3∑
i=1
dx2i + (1 + 2Φ)dx
2
4) +H
1/2(1− 1
2
Φ)(du2 + dt′2 + u2dΩ24)] (7)
H =
∑
n
2λ5/β
(u2+(t′−nβ′)2)2 , e
φ = λ52piNβ (8)
Φ = −u4H2
∑
n
( 1u2+(t′−nβ′)2 )
2, uH =
√
2λ5T
pi
2L4
, β′ = (2pi)
2
β = (2pi)
2T (9)
This represents the asymptotic limit where the mirror
images contribute to the metric while the black hole is
taken into account through linearisation. In the near
region where both u, t′ ∼ uH , the effects of the black
hole is substantially larger than that of the mirror images.
The metric in this region is given by [9]
ds2 = α′[H−1/2(
3∑
i=1
dx2i + (
1− r40r4
1 +
r40
r4
)2dx24) +H
1/2(1 +
r40
r4
)(dr2 + r2dΩ25)] (10)
H = 2λ5/βr4 (1 +
r40
r4 )
−2, r0 = uH√2 =
pi
√
λ5T
2L4
, eφ = λ52piNβ (11)
The instanton described by the D1-brane geometry in the asymptotic region can be seen as embedded in the
4(t′, x4, u) space and (t′, x4) can be taken as the worldvol-
ume coordinates on the D1-brane. The induced metric is
then
ds2D1 = α
′[H−1/2(1+2Φ)dx24+H
1/2(1−1
2
Φ)(1+(
dU(t′)
dt′
)2)dt′2]
(12)
and then the DBI action in this region becomes
SD1 =
1
(2pi)α′
(2pi)2
β∫
0
dt′
L4∫
0
dx4e
−φ√det(gD1) =
= NβL4λ5
(2pi)2
β∫
0
dt′(1 + 34Φ)
√
1 + (dU(t
′)
dt′ )
2
(13)
As has been calculated in [9], the D1-brane instanton
is attracted towards the D3-branes at u = 0 as in the
confinement case. This result however breaks down as
u ∼ uH . As in the deconfined phase the geometry al-
lows the position u = 0 and the D1-brane is attracted
towards the D3-brane, it would stabilise at u = 0 and
would stretch between the D3-brane and its mirror image
along the t′ compact circle. At this point, the localised
D3-brane has the topology S2 × R3 × S4 with the sta-
ble D1-instanton brane warping around the S2. In the
asymptotic region however, where u uH the D1-brane
would warp around the t′ and x4 cycles composing the
topology of a 2-torus T 2. This shows that when the D1-
brane reaches the D3-brane horizon, its topology must
change and hence the small instanton cannot continu-
ously transform into the stable instanton.
QUANTUM ERROR CORRECTION AND PHASE
TRANSITION
In the previous chapter I showed that the geometry and
topology of the confined and deconfined phases of QCD
change in the process of phase transition and that regions
in the bulk that are disconnected in the confined phase
become non-trivially connected when the transition to-
wards a deconfined phase occurs. This process can be
interpreted from the perspective of a quantum error cor-
rection code. We have seen that in the confined phase the
geometry of the solitonic D4-branes cannot extend indef-
initely in the (x5, ..., x9) directions as it is being pinched
off at u = u0. If a tensor network is to be constructed
on such a structure starting close to the boundary in the
large u → ∞ region, then several regions of the bulk
will not be accessible. As will be shown in this chap-
ter, this limits the quantum error correction codes that
can be constructed on this confining geometry. On the
other side, for the deconfinement phase, the horizontal
bulk directions (x5, ..., x9) are not totally pinched off, and
instead, the singularity becomes a throat that connects
the D3-branes leading to the appearance of a horizon. If
one constructs a tensor network from the boundary to-
wards the bulk, one will not face any limit in reaching the
maximal error correction potential deep inside the bulk,
however, the network will be distorted by the presence of
a wormhole type structure at some point u = u0 inside
the bulk. This will again limit the error correction capa-
bilities of a holographic code although a tensor network
can now be constructed across the horizon. Let us there-
fore start with the construction of the tensor network
and the holographic code for these two configurations.
To construct tensor network representations and to make
meaningful use of the MERA (multi-scale entanglement
renormalisation ansatz) [18] in a general space the sur-
face/state correspondence is particularly useful [19]. In
this general context one can initiate the construction of a
tensor network without the need of an explicit boundary.
While certainly the AdS/QCD correspondence implies
the existence of a boundary that would be associated to
the QCD theory, the particularities of the bulk may re-
quire some general techniques corresponding to the sur-
face/state duality principle [19]. Indeed, in this context
we define the infinite dimensional Hilbert space associ-
ated to the bulk spacetime as Htot and we focus on a
subset of this space given by a convex surface Σ. If the
surface Σ is topologically trivial and hence homological
to a point, the associated quantum state is a pure state
|Φ(Σ)〉 ∈ Htot. When the surface Σ is topologically non-
trivial, the corresponding state becomes mixed and the
associated Hilbert space becomes a subspace of Htot so
that
ρ(Σ) ∈ End(HΣ)↔ Σ ∈M (14)
5The subspace HΣ only depends on the topological class
of Σ. This plays an important role in the context of
confinement-deconfinement phase transition when there
is a relevant variation of the topological charge. If the
surface Σ is not closed, but instead has a boundary ∂Σ
the dual quantum state becomes mixed again, and if Σ
can be associated to a submanifold of another convex
surface Σ˜ that is closed then the mixed state is given
by tracing over the Hilbert space corresponding to the
complement of Σ in Σ˜. When we have two surfaces Σ1
and Σ2 that are connected by a smooth deformation pre-
serving convexity, then this deformation in the quantum
dual state can be described by means of an integral of
infinitesimal unitary transformations
|Φ(Σ1)〉 = U(s1, s2) |Φ(Σ2)〉
U(s1, s2) = P · exp[−i
s1∫
s2
Mˆ(s)ds]
(15)
with P being the path ordering operator and Mˆ(s) is a
hermitian operator where the parameter s describes the
continuous deformation such that its extremes s1 and s2
correspond to the two surfaces. To apply MERA on the
brane structure describing the confinement and the de-
confinement phases we need to keep under control the
evolution of the number of links in the tensor represen-
tation that intersect the surface we want to consider to-
wards the rest of the brane, such that it covers the whole
accessible regions on the brane structure. Even though
in the surface/state duality the area Σ is not an extremal
surface in the most general case, it is always possible to
divide it in small enough subregions that can be consid-
ered as extremal [19]. The geometry of such a subregion
is almost flat and hence the extremal surfaces become
themselves flat planes. Summing up such flat surfaces
and accepting the Ryu-Takayanaga prescription [20], [21]
we obtain ∑
i
SΣAi =
A(Σ)
4GN
(16)
where Ai corresponds to the small portion of Σ defined as
Σ = ∪iAi with the intersection of the small pieces being
the void set. The left side of the equation above is the
effective entropy Seff (Σ) [19] and is being interpreted as
the logarithm of the effective dimension of the Hilbert
space HΣ namely
Seff (Σ) = log[dim(HeffΣ )] (17)
The effective dimension counts the dimension of the ef-
fective degrees of freedom corresponding to the entan-
glement between Ai and its complement and therefore
Seff (Σ) is of the order of magnitude of the number of
links in the tensor network intersecting our surface Σ as
required. The MERA scheme implies a real-space renor-
malisation based on the coarse-graining of the original
system by combining step by step two subsystems into a
single subsystem according to a linear map (also known
as isometry). The short range entanglement however
must be taken into account and cut-off after each coarse
graining process by means of a unitary transformation
called disentangler. The final state hence becomes a net-
work of substates which, in its tensorial form spans the
branes in each of the phases. In the AdS/CFT duality,
such a MERA network can be identified with the bulk
AdS spacetime. In our context however, we may start
a similar procedure close to the boundary, following the
soliton D3 brane towards the bulk. In the confinement
phase, we can consider a set of quantum states |Ψ(u)〉
where u refers to a bulk coordinate encoding the scale
of renormalisation such that the UV limit corresponds to
u = 0 while the IR limit corresponds to u → ∞. In-
side the bulk this corresponds to the D3-brane construc-
tion where the low energy limit approaches the boundary
while the high energy limit is placed deep within the bulk.
As the bulk/boundary duality is a strong/weak duality,
the UV section of the bulk physics will correspond to
the IR section of the gauge theory and vice versa. The
vacuum state |Ψ(0)〉 can be considered as being highly
entangled and hence it can be constructed from the triv-
ial state Ω associated to the state Σ degenerating to a
point, by adding to it entanglement by means of
|Ψ(u)〉 = P · e
−i
u∫
uIR
(K(s)+L)ds
|Ω〉 (18)
The Hermitian operators K(s) and L describe the disen-
tangler and coarse graining procedure. In terms of gen-
eral states, one can write
|Φ(u)〉 = eiuL |Ψ(u)〉 = P · e
−i
u∫
uIR
Kˆ(s)ds
|Ω〉 (19)
where Kˆ(s) is the disentangler in the interaction picture
Kˆ(u) = eiuLK(u)e−iuL (20)
After disentangling for the states |Ψ(u)〉 we also perform
a rescaling, while this procedure is absent for |Φ(u)〉. The
particularity here is that the procedure must also con-
sider the additional links in the direction of the D1-brane
associated to the instanton. Indeed, this will contribute
to the effective dimension of our Hilbert space and hence
to the effective entropy
Seff (Σ) = log[dim(HeffΣ ⊗D1)] (21)
The additional links can be seen in figure 1.
As we continue the procedure towards u = 0 we notice
that due to the configuration of the branes in the confine-
ment phase, it is impossible to reach certain regions of the
bulk, those regions acting like barriers that do not allow
links of our networks to cross them. This is equivalent
6FIG. 1: The tensor network construction on the D3
brane with additional links in the direction covered by
the D1 instanton. The links in the D1 direction will
stop at the tip of the D3 brane. Each link in the figure
may have additional components according to the
dimensionality of the subspace it points to
to saying that error correction algorithms based on the
bulk encoding of information cannot reach the highest
quantum error correction capability of which the holo-
graphic encoding is usually capable. This is easy to see if
one considers the tip of the D3 soliton at u0 and follows
the MERA prescription outwards towards the boundary.
If one remains on the D3 brane as required within the
bulk, then one notices that the region of the boundary
that must be deleted in order to negatively affect the
information encoded near the tip of the D3 brane is en-
coded on a smaller region of the boundary compared to
the normal holographic tensor network case. Now let us
consider the deconfinement case. From a quantum in-
formation point of view, we notice that in this case, the
topology has become that of S2×R3×S4 and the instan-
ton D1-brane wraps around S2 while in the asymptotic
region, the D1-brane wraps around the t′ and x4 cycles
forming the topology of T 2. Therefore, as the D1 brane
moves from the asymptotic to the near region we have a
change in the topology. This is revealed in the fact that
the associated surface will have a non-trivial topology to
be associated with a mixed state. In this situation, the
available quantum error correction becomes more power-
ful and the limitation due to the finite tip of the D3-brane
is partially eliminated. However, one has to consider the
limitations due to the fact that the state described by
this structure is at this point a mixed state. A detailed
study of quantum error correction codes for mixed states
has been given in [22], [23]. The actual situation is pre-
sented in figure 2.
In this situation, the links can pass through the throat
forming at u = 0 and hence the quantum error correction
code allows for a boundary encoding with more effective
area.
CONCLUSION
I gave a quantum information interpretation of the con-
finement and deconfinement phases in holographic QCD
FIG. 2: The throat forming in the deconfinement phase
allows the links in the tensor network to penetrate. The
situation is similar to that of a spacetime with a
wormhole geometry.
showing that the ability of performing quantum error cor-
rection operations in a holographic context is affected
by the respective phases. The ability of correcting for
boundary erasures is limited in the confinement phase of
QCD leading to a new connection between bulk infor-
mation, its encoding on the boundary, the corresponding
erasure errors and various phases of QCD. This study is
of course limited by the fact that we do not as for now
understand QCD from a holographic perspective, the du-
ality employed being insufficiently studied. However, the
new link between quantum information in a holographic
context and phase transitions appears to shed new light
on an otherwise difficult subject.
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